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We use a spring-and-plaquette network model to analyze the repulsion between elastic disks in contact.
By studying various 2D geometries, we find that as disks approach the incompressibility limit the manybody effects become dominant and the disk-disk interaction is not pairwise additive. Upon compression,
the disks undergo a transition from the localized to the distributed deformation regime accompanied by a
steep increase of energy consistent with the onset of a hard core. These results shed new light on the
structures formed by deformable objects such as soft nanocolloids.
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Packing problems permeate the physics of colloids [1]
and many aspects of regular and disordered colloidal
structures can be interpreted by approximating the particles
by hard spheres. Yet there exist colloidal systems marked
by short-range repulsion which depart from the hardsphere model. Notable examples include nanocolloidal
materials based on microgels [2,3], star polymers [4],
and self-assembled block copolymer [5–7] and dendrimer
micelles [8,9]. Central for the understanding of soft colloids is the effective interaction between them [10] which
may be derived theoretically [4] or from numerical simulations [11]. Although the concept of softness is by no
means universal, all effective interactions in soft colloids
(e.g., core-softened potentials [12–14], penetrable-sphere
potentials [15,16], potentials given by a power of indentation [17]) reflect their deformability and penetrability in
some way.
As a rule, effective interaction is pairwise additive and
its choice is the key element in the hierarchy leading from
the microscopic architecture of nanocolloids to the theoretical insight into their condensed phases. A popular
model originating in the macroscopic contact mechanics
is the Hertzian potential which has been used to describe
the phase behavior of soft spheres [18,19], their jamming
[17], and glassy dynamics [20], etc. But the deformation of
elastic bodies is nonlocal and any interaction stemming
from it is inherently not pairwise additive, which renders
the notion of an effective pair potential in deformable
nanocolloids questionable.
The aim of this Letter is to expose the role of many-body
interactions between soft bodies in contact. We use a
transparent mesoscopic model halfway between a coarsegrained representation of colloids where the nonpairwise
character of the colloid-colloid forces is retained but not
resolved [21], and an effective single-particle description.
We focus on the deformation of colloids arranged on
simple lattices so as to explore the effect of local confinement, and we quantify the magnitude of many-body
0031-9007=13=110(21)=214301(5)

interactions. Also studied is the validity of the Hertzian
regime and the transition from localized to distributed
deformations. Finally, we discuss the relevance of these
results for structures formed by soft particles.
Our 2D model of a soft colloid or a nanocolloidal
micelle is a disk of radius R excised from a triangular
network of Hookean springs which subsume the covalent
bonds within the particle as well as any entropic elasticity.
Also included is the area elasticity of the triangular plaquettes formed by springs, which represents excludedvolume interactions; a similar framework was used to
model polymer-chain networks [22,23]. The total springand-plaquette energy reads

X
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J
where k is the spring constant and ca is the plaquette areaelasticity modulus; lj is the spring length, aJ is the plapﬃﬃﬃ
quette area, and l0 and a0 ¼ 3l20 =4 are their equilibrium
values, respectively; j runs over all springs and J runs over
all plaquettes.
In the small deformation regime, this model can be
related to bulk isotropic Hookean elasticity, its effective
Young modulus Y and Poisson ratio  being
pﬃﬃﬃ
3k
Y¼
ð1 þ Þ;
(2)
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;
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where 3D relations between the Lamé moduli and Y
and  were used:  ¼ Y=½ð1 þ Þð1  2Þ and  ¼
Y=½2ð1 þ Þ. The limit of ca ¼ 0 corresponds to the
Poisson solid with  ¼ 1=4. For ca ! 1, the network
becomes incompressible and  ¼ 1=2. As in most common materials  ranges between 0.2 and 0.5, this model
may be considered fairly general. With R ¼ 100l0 and a
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total of 36 295 nodes, our disks are good approximation of
an elastic continuum for strains larger than l0 =R ¼ 102 .
To quantify the many-body effects, we compute the
energy of the disk in the columnar, honeycomb, square,
and hexagonal lattice where the disk is trapped between
n ¼ 2, 3, 4, and 6 symmetrically arranged neighbors,
respectively (Fig. 1). On a lattice, balance of forces on a
single disk is guaranteed by symmetry, ensuring that a bulk
system can be represented by a unit cell. Our unit cells are
regular n-gons such that the radius of the inscribed circle is
R  h where h is disk indentation; the only exception is the
columnar lattice with a stripelike unit cell. The four lattices
considered were chosen so as to emphasize the role of
coordination number n, and generalization to other 2D
lattices is straightforward.
We first look into the columnar lattice—a necklace of
disks which is strictly speaking not globally stable.
Figure 2 shows the energy of a disk in the columnar lattice
as a function of relative indentation h=R for five different
ca =ðkl20 Þ corresponding to  ¼ 0:251 [ca =ðkl20 Þ ¼ 103 ],
0.263 (102 ), 0.337 (101 ), 0.461 (100 ), and 0.495 (101 ).
The equilibrium disk shape was obtained by minimizing
the energy using conjugate gradient method [24] and constraints were enforced by energy penalization [25]. During
relaxation, the network did not undergo any refinement and
its topology was unchanged.
One observes an important difference between disks of
Poisson ratio close to 1=4 and 1=2. For   1=4, the
Hertzian-like dependence of energy E  1:088kR2 =
ð1  Þðh=RÞ2:2 [26] holds in a broad range of indentations
(solid line in Fig. 2), whereas for  ! 1=2 the energy at
large indentations is much bigger than the Hertzian prediction. This departure is mostly due to the significant
overlap of the two indented regions close to the contact
lines, which takes place for sufficiently large values of
ca =ðkl20 Þ and h=R [27]. As the deformation pattern is not
a simple superposition of the two partial strains, the elastic
energy includes many-body terms. The diverging energy of
nearly incompressible disks of ca =ðkl20 Þ  1 at h=R ! 1
can be approximated analytically by assuming that all

plaquettes undergo uniform compression along the column
and adjusting the transverse dilation so as to preserve the
area. This gives
E
 1  4h=R þ 6ðh=RÞ2
pﬃﬃﬃ

;
!1=2 kR2
ð1  h=RÞ2
2 3
h=R!1
lim

which nicely agrees with the numerical results (dashed line
in Fig. 2). Very similar behavior has been observed experimentally in polyacrylamide hydrogel spheres [28].
Data in Fig. 2 terminate at a point where the disk in a
columnar lattice undergoes a partial plaquette collapse
related to that seen in spring-only networks. At sufficiently
large indentations and  close to 1=4, the spring-andplaquette network is characterized by striations and is
similar to the two-phase regime of Ref. [23]. Disks in the
other three lattices experience a more diverse variety of
instabilities. As these modes are not our main interest, they
were not pursued further and all results discussed here
correspond to the network prior to any creasing, wrinkling,
or striation transition.
We now compare the four lattices by computing the
energy per neighbor
En ¼

E
:
n

(5)

For pairwise interactions, En does not depend on the
coordination number n so that any variation observed is a
signature of many-body effects. Figure 3 shows En for
ca =ðkl20 Þ ¼ 103 and 101 corresponding to  ¼ 0:251 and
0.495, respectively. The noncoinciding energies per neighbor in Fig. 3(a) demonstrate that many-body effects are
present even if the area term is small [ca =ðkl20 Þ ¼ 103 ,
Fig. 3(a)]. Yet their importance does not depend much on
indentation: At h=R ¼ 0:02, E6 amounts to 123% of E2 ,
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FIG. 1 (color online). Columnar (b), honeycomb (c), square
(d), and hexagonal (e) lattice. Thin lines represent the unit
cells—stripe, equilateral triangle, square, and regular hexagon,
respectively—at identical indentations h. Thick lines illustrate
the contours of deformed disks (partly shown are their neighbors), and panel (a) and dashed circles are undeformed disks of
radius R drawn for comparison. Also included is a schematic of
the spring-and-plaquette network.
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FIG. 2 (color online). Reduced energy of a disk in columnar
lattice vs relative indentation for five different values of ca =ðkl20 Þ.
The solid line shows the Hertzian energy E / ðh=RÞ2:2 and the
dashed line is the variational prediction for incompressible
deformation [Eq. (4)].
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FIG. 3 (color online). Energy per neighbor En in an almost
Poisson-solid disk [ca =ðkl20 Þ ¼ 103 ; panel (a)] and in an almost
incompressible disk [ca =ðkl20 Þ ¼ 101 ; panel (b)] in columnar,
honeycomb, square, and hexagonal lattice vs relative indentation. The data for each lattice are represented by a symbol in
the shape of the unit cell. The black dashed line shows 1=6 of the
energy of an isotropically compressed disk. The meaning of the
vertical dashed lines and open circles is explained in the text.

whereas at h=R ¼ 0:2 E6 =E2 ¼ 145%. We see that En is
an increasing function of n for all h=R. This is expected—a
large coordination number means that the indented regions
are close to each other, which gives rise to pronounced
many-body effects. Also shown is 1=6 of the energy of an
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isotropically compressed disk such that the relative
decrease of its radius is h=R. This energy indicates the
general trend of E3 , E4 , and E6 at large h=R and it serves as
a rough upper analytical estimate of E6 , the most isotropic
of all lattices.
In nearly incompressible disks En are clearly separated
[ca =ðkl20 Þ ¼ 101 ; Fig. 3(b)], showing that the many-body
effects are very strong and that they increase with the
coordination number. Furthermore, in each En>2 a steep
energy increase is observed at a certain threshold indentation ðh=RÞt beyond which area-preserving deformation is
no longer geometrically possible. At the threshold the unit
cell area is equal to the area of undeformed disk, yielding
ðh=RÞt ¼ 0:222, 0.114, and 0.048 for honeycomb, square,
and hexagonal lattice, respectively. These values are plotted by vertical dashed lines in Fig. 3(b).
The steep post-threshold energy increase at large
ca =ðkl20 Þ can be interpreted as the onset of a ‘‘hard-core’’
interaction in the sense that in this regime, deformations
caused by contacts with neighbors propagate throughout
the disk. The difference between the soft regime at small
h=R and the hard post-threshold regime is illustrated by
Fig. 4(b) which shows the distribution of energy density in
a nearly incompressible disk with ca =ðkl20 Þ ¼ 101 in the
square lattice for three indentations [encircled symbols in
Fig. 3(b)]. For small indentations (h=R ¼ 0:05), the deformations are localized in subsurface regions close to contact
lines and the disk core is stress-free. In this regime the
energy is pairwise additive to a good approximation,
although the faint diamondlike pattern connecting the
indented regions signals many-body effects. At the threshold (h=R ¼ 0:11) deformation is still localized but the

FIG. 4 (color online). Distribution of energy density in compressible [ca =ðkl20 Þ ¼ 103 ; panel (a)] and nearly incompressible disks
[ca =ðkl20 Þ ¼ 101 ; panel (b)] in the square lattice for three different relative indentations h=R ¼ 0:05, 0.11, and 0.16. The energy density
is color-coded such that the lightest shade of gray represents zero whereas black corresponds to maximal energy density emax , which is
different in each panel. The insets show the energy density profiles at the horizontal midline. To accommodate the variations caused by
the discreteness of the network, we plotted all profiles within a narrow interval of width 0:04ðR  hÞ around the midline, hence the
spread of the curves immediately underneath the contact line.
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overlap of indented regions is significant so that they form
a connected domain around an almost undeformed core.
Beyond the threshold (h=R ¼ 0:16) the energy density
profile is changed dramatically and the deformation is
fairly uniform. For comparison, we also show the energy
density distribution in a compressible disk with ca =ðkl20 Þ ¼
103 [Fig. 4(a)]. Here, the situation is quite different and
the quasi-Hertzian regime with weakly coupled subsurface
deformations and a stress-free core persists at all h=R
examined.
From the analysis of interaction energies [Fig. 3(b)] and
energy distribution patterns (Fig. 4) emerges the notion of
the disk core as a physical object characteristic of nearly
incompressible disks. The core is the central part of the
disk that is unstressed in the pre-threshold quasi-Hertzian
regime whereas beyond the threshold it undergoes a virtually uniform deformation, transmitting stresses across
the disk. The transition is accompanied by a steep increase
of energy reminiscent of true hard-core repulsion, which
allows us to introduce the core on both energetic and
geometric grounds. Moreover, this behavior suggests that
deformable but nearly incompressible disks can be referred
to as semihard because they share the features of hard
(undeformable and incompressible) and soft (deformable
and compressible) particles.
The transition from quasi-Hertzian to stressed-core
regime in nearly incompressible disks, which depends on
the number of neighbors, may be approximated by a
coordination-dependent effective interaction. Although
such a concept would strictly apply only to regular local
configurations, the outcome could be quite interesting.
Consider a horizontal cut across Fig. 3(b) corresponding
to a certain thermal energy, which shows that at a given
temperature the maximal indentation defined by
En ðhmax =RÞ  kB T depends on n. For kB T & 0:001kR2
the apparent hard-core diameter R  hmax of a sixcoordinated disk is only about 1% larger than that of a
two-coordinated disk, which is negligible. But for kB T 
0:1kR2 the spread of apparent hard-core diameters reaches
 20% making two-coordinated disks behave as if they
were much smaller than six-coordinated ones. At high
enough temperatures and intermediate densities, a suspension of nearly incompressible disks may be characterized
by an effective dynamic polydispersity in terms of disks’
apparent size and pair interactions, rendering it somewhat
similar to polydisperse colloids [29].
In conclusion, the two examples presented in Fig. 3
show that interaction between elastic particles depends
very much on their compressibility. As this behavior is
specific neither to two dimensions nor to the regular local
configurations explored here, they should apply equally to
3D elastic bodies in both crystalline and disordered structures, leading to several interesting conclusions and phenomena. First, our results show that the Hertzian
approximation is reasonable in particles of moderate
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Poisson ratio where the many-body effects are limited,
suggesting that the complex theoretical phase diagrams
of Hertzian spheres [18,19] describe well the behavior of
such particles at intermediate densities. Second, the nearly
incompressible-particle regime may well serve as a model
for microgel spheres. The Poisson ratio of a single sphere
can be measured using the capillary micromechanics technique and in pNIPAM particles it is about 0.42 [30], which
puts them close to the incompressible limit of  ¼ 1=2.
The phase behavior of microgels was shown to differ from
that of hard spheres, one of the main deviations being a
larger effective packing fraction at melting [2]. This effect
could be related to the dynamic size polydispersity experienced by disordered particles, which should conceivably
enhance the stability of the fluid phase. Third, the nonfragile glassy behavior of dense microgel suspensions [31]
has been tentatively explained in terms of the directionality
of interparticle interactions caused by faceting upon compression. Absent in hard spheres and limited in compressible particles [Fig. 4(a)], faceting is very prominent in
nearly incompressible particles. Our predictions provide
a qualitative microscopic basis of these phenomena, and
they call for a comprehensive analysis of contact mechanics of 3D soft and semihard spheres.
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